Introduction
Perturbed geodesics (p-geodesics) are trajectories of a simple mechanical system on a semi Riemannian manifold M of finite dimension n. They are critical points of the energy functional defined on the space of paths on M by
where g is a semi Riemannian metric on M and V is a time-dependent potential. When the metric is indefinite, the functional E is of strongly indefinite type and the ordinary Morse index of its critical points is infinite.
In [35] , we associated to each non degenerate perturbed geodesic γ a generalized Morse index µ spec (γ) ∈ Z and showed that it coincides with the conjugate index µ con (γ), an integer that counts algebraically the total number of conjugate points along γ. In the present paper we will use the generalized Morse index in order to study bifurcation of perturbed geodesics under various conditions including variation of metric and potential.
in [29] , Section 3.4, and [7, 10] . How the crossing of 0 by a simple eigenvalue of the index form influences the topology of geodesics on a Lorentzian surface was studied in [6] . Bifurcation of relative equilibria of symmetric mechanical systems from a point of view close to ours was analyzed in [11] . A similar approach to bifurcation of minimal surfaces on a Riemannian manifold was taken in [26] . In this paper we will deal only with bifurcation of geodesics from a trivial branch. This is one of the typical bifurcation phenomena for solutions of differential equations studied in nonlinear functional analysis. Roughly speaking, given a smooth branch σ ≡ {σ λ : λ ∈ [a, b]} of perturbed geodesics, a bifurcation point from the trivial branch σ is a point λ * in [a, b] such that arbitrary close to the pair (λ * , σ λ * ) there are pairs (λ, γ λ ) where γ λ is a p-geodesic with the same end points as σ λ but not belonging to the branch σ.
If we take as trivial branch σ λ the restrictions of a given perturbed geodesic γ : [0, 1] → M to subintervals of the form [0, λ] it is easy to see that bifurcation can occur only at points which are conjugate to 0.
Jacobi found a geometric characterization of conjugate points along extremals of a variational integral 1 0 L(x, y(x), y (x)) dx. He proved that conjugate points arise as intersection points of a given extremal with the envelope of the family of extremals through a point. By the envelope theory, this fact has as a consequence that all conjugate points along extremals of variational integrals are bifurcation points from the trivial branch. This was known from the very beginning of the calculus of variation (cf. [8] , p. 63), although it was never formulated in terms of bifurcation simply because this theory was inexistent at that time. Jacobi's characterization extends to vector-valued variational integrals whose Lagrangian L verifies the Legendre condition: Lq iqj is positive definite. For example, in [22] this fact was used in order to give an alternate definition of conjugate point.
The energy functional of a Riemannian metric verifies the Legendre condition trivially. Therefore all conjugate points along perturbed geodesics on Riemannian manifold are bifurcation points (cf. Cor. 4.11, [29] , Complement 2.1.13).
On semi Riemannian manifolds with indefinite metric the above conclusion does not hold anymore and conjugate points split in two classes: those which are points of bifurcation and those which are not. The present paper is devoted to the analysis of this situation. One of the consequences of the theory developed here is that, in the framework of semi Riemannian manifolds, bifurcation invariants become useful in order to find among all conjugate points those at which bifurcation occurs. We will call them strictly conjugate points here.
In general, conjugate points of perturbed geodesics need not to be isolated and when the metric is indefinite the same holds even in the geodesic case [25] . Because of this, we will adopt an approach to bifurcation invented by Krasnoselskij and his collaborators in the sixties [30] . This approach is based on topological invariants that are stable under perturbations and allows to deal with non isolated potential bifurcation points. An alternative non perturbative approach in the case of geodesics was explored in [24, [39] [40] [41] .
The methods are of functional analytic type. Although the book [29] is concerned with Riemannian manifolds only, it represents a main source for the analytic setting used here. The definition of the generalized Morse index in [35] is based on the concept of spectral flow of a family of Fredholm quadratic forms. It was shown in [19] that non vanishing of the spectral flow of the family of Hessians along the trivial branch leads to bifurcation of critical points of strongly indefinite functionals of Fredholm type. We will use an improved version of this result in order to prove our main theorem:
Let M, g, V, σ be as described above.
Assume that p-geodesics σ a and σ b are non degenerate (and hence have a well defined generalized Morse index).
If µ(σ a ) = µ(σ b ), then there must be at least one point λ * ∈ (a, b) which is a bifurcation point from the trivial branch.
If σ λ is degenerate only at a finite number of points λ ∈ I, e.g. when all data are analytic, then there are at least |µ(σ a ) − µ(σ b )|/n distinct bifurcation points λ ∈ (a, b).
In particular if the manifold and potential are analytic then along any non degenerate perturbed geodesic γ there are at least |µ(γ)|/n strictly conjugate points.
The precise statement is in Section 4, Theorem 4.2, where we also derive other consequences regarding the number of strictly conjugate points along a perturbed geodesic. The proof of the theorem is deferred to Section 8.
When the manifold is a locally symmetric space, the contribution of the curvature tensor to the generalized Morse index can be computed quite explicitly, since the matrix of the curvature operator in a parallel orthonormal frame is constant.
Let J be the canonical flat metric of index ν in R n . In Section 5, for each symmetric matrix S we define an index, analogous to the index for periodic solutions of linear autonomous Hamiltonian systems, considered in [12, 16, 17, 20, 23] , but associated to the Dirichlet boundary value problem for second order system Ju +Su = 0. The index ind J (S) can be computed from the eigenvalues of the matrix JS plus a correction term which can be easily estimated. The generalized Morse index of a geodesic on a locally symmetric space equals the index of the system arising from the equation for Jacobi fields written in a parallel orthonormal frame. Therefore, in Section 6, we take ind J (S) as our basic invariant and use it in Corollary 6.1 and Corollary 6.2 in order to obtain computable criteria for bifurcation and estimates for the number of bifurcation points along geodesics on locally symmetric spaces.
If the potential is time independent and the p-geodesic σ a ≡ p and σ b ≡ q are constant, then the number of bifurcation points along any trivial branch of perturbed geodesics with end points σ a and σ b can be estimated from below by the index of the Hessian of the potential V at p and q respectively. This is the content of Corollary 6.3. On symmetric spaces this can be used in order to study bifurcation of periodic p-geodesics from an equilibrium point (cf. Cor. 6.4).
In a more general setting we can still obtain bounds from below for the number of bifurcation points using the previous calculations and a comparison principle. For geodesics this principle is an extension of the classical Morse-Schöenberg comparison theorem to semi Riemannian manifolds. For lightlike and timelike geodesics on Lorentzian manifolds it was proved earlier by Beem, Ehrlich and Easley [5] .
The comparison principle is formulated in Section 7, Theorem 7.1 and proved in Section 9. In Section 7, we use Theorem 7.1 in several ways both for geodesics and for perturbed geodesics. In Corollaries 7.3 and 7.4 we estimate the number of strictly conjugate points along a geodesic on analytic semi Riemannian manifolds by comparison with a locally symmetric space of the same dimension and index. A similar approach leads to an estimate for the number of strictly conjugate points along a horizontal geodesic on a warped product with locally symmetric base in Corollary 7.5.
Finally, in Theorem 7.6 we obtain an estimate for the number of bifurcation points from a trivial branch of p-geodesics on a locally symmetric space by comparing the Morse index of a non degenerate p-geodesic with the Morse index of a geodesic with the same starting point.
The remaining sections are as follows: Section 2 contains a discussion of Jacobi's geometric characterization of conjugate points mentioned above. Section 3 is a short review of the results in [35] with the purpose to introduce the notations. In the appendix we sketch the proof of the vector bundle neighborhood theorem needed for the reduction of our problem to the framework considered in [19] .
Conjugate points and bifurcation of extremals in calculus of variation
As a motivation for the theory developed here, let us make a digression on the relation between the Jacobi's geometric characterization of conjugate points and bifurcation from the trivial branch.
Consider the one dimensional variational integral φ(y) = The plane curve given by the graph γ 0 of the function y 0 (x) = y(x, 0) is naturally embedded into a one parameter family of curves γ z , given by the graphs of y z (x) = y(x, z), 0 ≤ x ≤ 1, passing through the point (0, 0).
The envelope E of this family of plane curves is by definition the set E = {(x, y)|y − y(x, z) = 0, ∂y ∂z (x, z) = 0}. Jacobi characterized the points of the extremal γ 0 conjugate to γ 0 (0) as intersection points of γ 0 with E. Since E can be also seen as the set of limit points of intersections of nearby curves in the family (the set of intersections points of two consecutive curves, in the pictoresque terminology of G. Peano [38] ), Jacobi's characterization leads to the following conclusion (cf. [8] , p. 63):
The proof of Proposition 2.1 is quite simple. It can be reduced to a very special case of one of the basic results in bifurcation theory, known as Crandal-Rabinowitz bifurcation theorem. For this, let us consider the variable x as a parameter. Let f : [0, 1] × R → R be defined by f (x, z) = y(x, z) − y(x, 0). Then the equation f (x, z) = 0 has a trivial branch of solutions of the form (x, 0). Since Q * ∈ E, we have that ∂f ∂z (x * , 0) = ∂y ∂z (x * , 0) = 0. On the other hand, ∂y ∂z (x, 0) is a Jacobi field along y 0 derived from a nontrivial deformation of y 0 by extremals. Since ∂y ∂z (x * , 0) = 0, the partial
∂x∂z (x * , 0) cannot vanish. Thus, we are in the hypothesis of the Crandal-Rabinowitz theorem [15] . Under this hypothesis a nontrivial branch of solutions of f (x, z) = 0 of the form (x(z), z) = 0 with x(0) = x * can be found by developing in Taylor series the rescaled function g(w) = f (x * + zw, z) dividing by z 2 and solving in w using the implicit function theorem. Then the points Q z = (x(z), z) are intersection points of γ z with γ 0 such that Q z → Q * as z → 0.
Of course, the relation of the envelope of a family of curves with bifurcation, understood in the broad sense, is not limited to the variational setting. It is one of the main subjects of singularity theory.
The approach to bifurcation of perturbed geodesics which we will use in this paper is a reinterpretation of Proposition 2.1 from the point of view of nonlinear functional analysis. Let us explain this using our example.
We look for solutions of a parametrized family of boundary value problems for the Euler-Lagrange equations of the variational integral that are close to the restrictions of our distinguished solution y 0 to subintervals [0, λ], but in order to work in a fixed space of functions, we reparametrize them. To be more precise, we choose a δ > 0 such that on γ 0 ([0, δ]) there are no conjugate points to Q 0 = (0, 0). Then, for λ ∈ [δ, 1], we consider
=ỹ λ will be considered as a trivial branch of solutions of the family of boundary value problems
where L(λ, x, y, z) = L(λx, y, 1/λz). If in Proposition 2.1 we take z n = 1/n, λ n = x zn and y n (x) = y(λ n · x, z n ), then we have that λ n → x * , the sequence y n converges toỹ(x * ) in C 2 [0, 1], and each y n is a solution of (2.1) not in the branchỹ. Thus, by the very definition of bifurcation point, any conjugate instant λ = x * along y 0 is a bifurcation point for solutions of (2.1) from the trivial branchỹ.
In the particular case considered above a whole smooth curve of nontrivial solutions y z (x) = y(x z x, z) branches of fromỹ atỹ(x * ). However under the general topological assumptions of our main theorem we will only obtain a sequence of nontrivial solutions converging to the trivial branch.
Perturbed geodesics and the energy functional
Let M be a smooth connected manifold of dimension n. Let g be a semi Riemannian metric on M and let V : [0, 1] × M → R be a smooth time-dependent potential. We will denote by D the associated Levi-Civita connection and by Ddx the covariant derivative of a vector field along a smooth curve γ. Here we use the notation introduced by Milnor, in [34] .
A perturbed geodesic (p-geodesic) is a solution γ : [0, 1] → M of the second order differential equation
where ∇ is the gradient of a function on M with respect to the metric g.
Let Ω be the manifold of all H 1 -paths in M . It is well known that Ω is a smooth Hilbert manifold modelled by H 1 ([0, 1]; R n ). The tangent space T γ Ω at the point γ can be identified in a natural way with the Hilbert space
Here τ : T M → M is the projection of the tangent bundle of M to its base.
Any choice of a Riemannian (positive definite) metric on M endows Ω with an associated Riemannian structure and hence with a distance which makes Ω a metric space. The end-point map
is known to be a submersion and therefore for each (p, q) ∈ M × M the fiber
is a sub-manifold of codimension 2n whose tangent space T γ Ω p,q is the subspace
Since π is a submersion, the family of Hilbert spaces H 1 0 (γ) is a Hilbert bundle T F (π) = ker T π over Ω, called the bundle of tangents along the fibers. The reference for all the above, and for everything else in this section is [35] .
Associated to each pair (g, V ) there is an energy functionalĒ : Ω → R defined bȳ
The critical points of the restriction E = E p,q ofĒ to the sub-manifold Ω p,q are precisely the p-geodesics through p, q with kinetic energy 1 2 g(γ , γ ) and potential energy V . To be more precise, critical points of the energy functional are weak solutions of (3.1), which turn out to be smooth classical solutions by elliptic regularity.
In [35] , we associated two integers to each non degenerate critical point of the energy functional. The first integer is the generalized Morse index µ spec (γ), defined as the negative of the spectral flow of the Hessians of the energy functionals along the pathγ canonically induced by γ on Ω. Since several points related to the construction of the generalized Morse index will be used in the proof of our main theorem, we will briefly recall the construction here.
The linearization of the boundary value problem
at the critical point γ is the equation of Jacobi fields 
is weakly semi-continuous. Being a weakly semi-continuous perturbation of a non degenerate form, h γ is a bounded Fredholm quadratic form. In particular ker h γ ≡ {ξ| H γ (ξ, η) = 0 for all η} is finite dimensional. The form h γ is non degenerate if and only if the instant 1 is not conjugate to 0 along γ. If this holds we will say that the p-geodesic is non degenerate.
Each p-geodesic γ induces in a canonical way a pathγ on the manifold Ω of all paths on M . The canonical pathγ : [35] an admissible family of Fredholm quadratic forms. The spectral flow of such a family was defined in [35] , Section 2.
Roughly speaking the spectral flow is a measure of how much of a negative subspace for h λ at λ = 0 becomes positive at λ = 1 minus the part of a positive subspace that becomes negative. In general the spectral flow depends on the homotopy class of the path of quadratic forms but in this specific case it depends only on the end points. This allows to define a relative form of Morse index even in the case when the classical Morse indices are infinite. By definition the generalized Morse index of a p-geodesic γ is
The second integer, µ con (γ), called conjugate index, was defined using Brouwer degree in order to count zeroes of a determinant associated to the Jacobi equation by means of trivalization via a parallel orthonormal frame (see [35] , Sect. 4, for a detailed description).
Finally, we proved a generalization of the Morse Index Theorem to perturbed geodesics on semi Riemannian manifolds [35] , Theorem 1.1, by establishing the equality
Taking into account (3.5) we will denote both indices with µ(γ).
The main theorem and some consequences
Let p : S If
is a smooth function, we consider V as a smooth one parameter family of time-
λ∈I define a one parameter family of time-dependent mechanical systems.
We will also assume the existence of a one parameter family of known p-geodesics. In other words, given a smooth family (g λ , V λ ) λ∈I as above, we assume that there exists a smooth map σ :
We will refer to the family (σ λ ) λ∈ [a,b] as the trivial branch of perturbed geodesics. Definition 4.1. A point λ * is called a bifurcation point for p-geodesics from the trivial branch σ if there exists a sequence (λ n , γ n ) → (λ * , σ(λ * )) in I × Ω such that γ n is a weak solution of equation (3.1) with boundary conditions
such that γ n does not belong to σ(I).
As stated above the notion of bifurcation point depends on the metric induced on Ω by an arbitrary choice of Riemannian metric on M . As a matter of fact using a slightly weaker topology the concept of bifurcation point can be defined without appealing to the existence of a Riemannian metric on M . There is an embedding of Ω into the space of continuous paths in M endowed with the compact-open topology (see for example [28] , Lem. 2.4.6). Thus, the sequence γ n in the above definition converges to σ(λ * ) in C 0 ([0, 1]; M ) as well. A metric free definition of bifurcation point would be as follows: it is a point such that any neighborhood of (λ * , σ(λ * )) in
contains a solution of the boundary value problem (3.1), (4.1) which is not in the trivial branch. Finally notice that, by bootstrap, γ n converges to σ(λ * ) in the Whitney topology of C ∞ (I; M ). Therefore, the choice of any of the above approaches gives the same bifurcation points.
For each λ ∈ I, let E λ be the restriction of the energy functional associated to the data (g λ , V λ ) to the sub-manifold Ω λ ≡ Ω σ λ (0),σ λ (1) . The trivial branch σ can be viewed as a smooth path σ :
Our main result is the following theorem. In this case the singular set Σ = {λ ∈ I| ker h λ = 0} can be characterized as the set of zeroes of an analytic "determinant" function [18] . Since h a is non degenerate this function does not vanish on the whole interval I and hence Σ must be discrete. (b) The intrinsic derivative (see Sect. 8) of the generalized family h λ , λ ∈ I of Hessians at any point λ * ∈ Σ is a non degenerate quadratic form.
Remark 4.4.
In the estimate of Theorem 4.2 the dimension n of the manifold arises because it provides a bound for the possible dimensions of the space of H 1 0 -Jacobi fields. The estimate can be slightly improved for geodesics (V ≡ 0). A H 1 0 -Jacobi field along a geodesic γ must be perpendicular to γ (x) at any point x ∈ [0, 1], which implies that the dimension of the space of Jacobi fields vanishing at the end points cannot be greater than (n − 1). Therefore in the case of a geodesic we can substitute n with (n − 1) in Theorem 4.2.
As already mentioned in the introduction, we will pay special attention to the following particular case: We will take g and the potential V fixed, take a p-geodesic γ : Not all conjugate points are strictly conjugate. Here is an example of a p-geodesic on a 3-dimensional semi Riemannian manifold with an isolated conjugate point which is not strictly conjugate. 
Since the gradient of V with respect to g is
In order to simplify the coefficients we will not normalize the interval: we consider the p-geodesic γ 0 (t) = (0, 0, t) defined on [0, 2π], connecting (0, 0, 0) to (0, 0, 2π). We claim that there are no p-geodesics γ = γ 0 such that
2) and the above boundary conditions, then multiplying the first equation of (4.2) by y(t), the second by x(t), substracting the second from the first and integrating from 0 to λ we obtain
Thus both x, y ≡ 0 and γ(t) = γ 0 (t). On the other hand there is a two dimensional subspace of Jacobi fields along γ 0 , ξ(t) = a sin t In order now to construct an example of a geodesic with a conjugate point which is not strictly conjugate we will reduce the problem to the previous one using the well known correspondence between p-geodesics and geodesics of the associated Jacobi metric together with a construction in [25] of a geodesic with assigned curvature operator on the normal space.
Example 4.7. Let M and g 0 be as in the previous example and let us consider the conformally flat metric g = exp(2ρ) g 0 , where ρ is defined by
The Levi Civita connexions D of g and D 0 of g 0 are related by
where ∇ 0 is the gradient with respect g 0 . From this it follows easily that γ 0 (t) = (0, 0, √ 2t) is a geodesic with energy E(γ 0 ) = 1/2g(γ (t), γ (t)) = 1. Moreover the vector fields 
As before, the Dirichlet problem ξ(0) = 0 = ξ(π) for (4.4) has a two dimensional subspace of nontrivial solutions and therefore π is a conjugate instant. However we will show that there cannot be non trivial geodesics bifurcating from the trivial branch γ 0 .
Assume that γ(t) = (x(t), y(t), z(t))
is a geodesic for g with γ(0) = (0, 0, 0) and γ(b) = (0, 0, λ). If γ is close enough to γ 0 then is γ is spacelike and, possibly after changing the interval of definition, we can assume that the energy E(γ) = 1. By Jacobi's theorem [1] , Theorem 3.7.7, geodesics for g with energy 1 are reparametrizations of the perturbed geodesics for the mechanical system (M, g 0 , − exp(2ρ)) with total energy E = 0.
The equations for the corresponding p-geodesic are
verifies the above equations then multiplying the first equation of (4.5) by y(t), the second by x(t) substracting the second from the first as in the previous example and then integrating from 0 to t * = h −1 (λ) we obtain that x ≡ 0 ≡ y and hence γ = γ 0 .
We will now discuss some consequences of Theorem 4.2. In the remaining part of this section we will discuss some criteria for isolated conjugate points to be strictly conjugate.
Let I be the n-dimensional vector space of all Jacobi fields along γ verifying ξ(0) = 0. Consider
is conjugate to 0 if and only if I[λ * ] = T γ(λ * ) M. Let us denote by I[x]
⊥ the g orthogonal of I [x] . The conjugate instant λ * is said to be regular if the quadratic form Γ(λ * ) given by the restriction of g γ(λ * )
⊥ is non degenerate. It is shown in [35] , that regular conjugate instants are isolated and moreover the variation of the generalized Morse index through λ * is given by the signature of the quadratic form Γ(λ * ). More precisely, for small enough, When λ * is not regular but yet isolated then its local contribution µ con (λ * ) to the variation of the Morse index can be still defined as in [35] , (4.14). Thus λ * is a bifurcation point whenever µ con (λ * ) = 0. The local invariant µ con (λ * ) can be computed either by the algorithm for computing the degree of an analytic plane vector field as described in [35] , Lemma 4.3, or using the calculation of µ Maslov (λ * ) in the degenerate case via partial signatures as in [24, 42] . However neither the algorithm for the degree nor the formula by partial signatures can be considered effective. This is one of the motivations for the approach adopted in this paper.
Computation of the generalized Morse index
In this section we will consider some special cases in which the generalized Morse index can be found explicitly, providing computable criteria for the existence of bifurcation points. As motivation, let us discuss first the Morse index of a geodesic on a Riemannian locally symmetric space.
If γ : [0, 1] → M is a geodesic, then, by Corollary 4.11, the conjugate instants are isolated and each one of them gives a strictly positive contribution m(λ) = dim ker h λ to the index µ(γ). The index of a geodesic is not easy to compute in general but when the related second order system has constant coefficients one can easily get explicit formulas.
For example, if M has a constant positive sectional curvature K > 0 then the conjugate points correspond to
where L is the length of the geodesic γ. Moreover the multiplicity of each conjugate point is (n − 1). Thus γ is non degenerate if L √ K/π is not an integer and its index is given by µ(γ)
| bifurcation points from the trivial branch σ. In particular, if g is a fixed metric of constant positive curvature then along any branch of geodesics with a large enough variation of length there will be bifurcation points from the branch. All of the above extends immediately to geodesics on locally symmetric spaces by considering the eigenvalues of the matrix of the curvature operator R(γ , v)γ in a parallel orthonormal frame.
The generalized Morse index for p-geodesics on a semi Riemannian manifold constructed in [35] is not always positive and hence it is a considerable weaker object than the classical Morse index. Even in the case of locally symmetric spaces (DR ≡ 0) formulas for the index are harder to compute than in the Riemannian case. Nevertheless, the above topological picture is still present in this context and leads to estimates for the number of bifurcation points.
Let = (f 1 , . . . , f n ) of the boundary value problem for a second order system of ordinary differential equations
where J is the symmetry
and S λ (x) = λ 2 S(λx), with S(x) = (S ij (x)) the n × n symmetric matrix defined by
Thus weak solutions of the system above are elements in the kernel of the quadratic form h λ :
where ·, · denotes the usual scalar product in R n . In particular h λ is a weakly continuous perturbation of a non degenerate form. The quadratic form h λ is nothing but the expression of h γ λ in the trivialization of γ * λ [T F (π)] induced by the trivialization of γ * λ (T M) given by the parallel frame introduced above (see [35] , (3.6)). It follows from this that
(5.4) Now let us compute sf(h, [0, 1]) assuming that S(x) ≡ S is a constant matrix. We represent, the associated path of bilinear forms against the scalar product f, g
Thus, L λ = J + λ 2 K where, by abuse of notation, we denote with J the corresponding multiplication operator, while K is the compact operator defined by
where a k belong to R n . Hence,
where
From the relation
If we choose as basis of V k the set B k given by
where e i is the canonical base of R n , then the n × n matrix that represents L k λ with respect to the base B k , is given by
By the above formula the restriction of L λ to (
⊥ is an isomorphism for m big enough. Thus by the normalization property (see [19, 35] ), the spectral flow of the restriction of the path L to (
Hence,
since the spectral flow of a path of operators defined on a finite-dimensional space is the difference between the Morse indices of its end points. Given a constant symmetric matrix S such that (5.1) has only the trivial solution for λ = 1 we define the index of S with respect to J by
Notice that ind J (S) is well defined since by the above discussion, the sum on the right hand side is finite. Summing up the above discussion, we have proved:
Proposition 5.1. If the matrix S defined by (5.3) is constant then µ(γ) = ind J (S).
There is a special case, in which the computation of the index turns out to be as simple as in the case of a geodesic on a Riemannian symmetric space.
A matrix S commuting with J will be called split. Any split matrix S has the form
where A and B are two symmetric matrices of dimension respectively (n−ν)×(n−ν) and ν ×ν. Diagonalizing A and B and we get U * AU = diag(λ 1 , . . . , λ n−ν ) and V * BV = diag(µ 1 , . . . , µ ν ) (5.9) and using the invariance of the spectral flow under cogredience we reduce the calculation of ind J (S) to that of the diagonalized system 
we get:
Proposition 5.2. If S is constant and split then
In general ind J (S) can be estimated in terms of the negative real eigenvalues of the J-symmetric matrix JS. For this we will need some well known results about Maslov index. Most of what we will use here can be found in [33, 44] .
The Dirichlet boundary value problem for Ju +Su = 0 is equivalent to the following boundary value problem for a first order Hamiltonian system in R 2n w (x) = Hw(x)
Since H is a hamiltonian matrix its flow Ψ(x) = e xH is a path in the symplectic group Sp(2n) of all transformations preserving the canonical symplectic form ω on R 2n . The symplectic group acts naturally on the manifold Λ(n) of all Lagrangian subspaces of R 2n , and hence the path Ψ induces a path L on the Lagrangian Grasmannian Λ(n) defined by L(x) = Ψ(x)V .
According to [35] 
The Maslov index of the path M with respect to the diagonal
where sign denotes the signature of a triple of Lagrangian subspaces [33] . By our hypothesis M(1) is transverse to W . In what follows, for simplicity, we will assume also that M (1) is transverse to ∆, equivalently, that 1 is not an eigenvalue of e H . Notice that both conditions are also verified by M (ε), if we take ε > 0 small enough. Indeed, by [35] , Proposition 6.1 M (x) fails to be transverse to W only at a conjugate instant and we showed in [35] that conjugate instants cannot accumulate to 0. On the other hand, 1 is an eigenvalue of e εH if and only if 2 π ε i is an eigenvalue of H which is impossible for ε small enough. In this situation, by [33] , Proposition 1, [12] ,
When the imaginary eigenvalues are not simple the above formula still holds provided that we count the imaginary part of each eigenvalue λ positively p times and negatively q times according to the number p (resp. q) of positive (resp. negative) eigenvalues of the hermitian form Since our main theorem allows us to estimate the number of bifurcation points in terms of ind J (S)/n, the above result is good enough for our purpose. The curvature operator along a path γ is the g-symmetric endomorphism R γ (x):
Applications
(6.1) Notice that here we follow Klingerberg's book [29] in the choice of terminology. Elsewhere this operator is called either "tidal force" or "Jacobi operator" while the term "curvature operator" is reserved to the curvature tensor viewed as a function of the third variable, i.e. to the infinitesimal generators of the restricted holonomy.
By the above discussion the curvature operator along any geodesic path γ on a locally symmetric manifold M commutes with the parallel translation along γ and therefore the matrix
of R γ (x) in any parallel orthonormal frame F = {e i (x); i = 1, ..., n} is constant. The index of the matrix (R i,j ) is clearly independent from the choice of the frame and will be denoted by ind J R. 
strictly conjugate points.
Now we consider bifurcation of p-geodesics of a family of analytic mechanical systems (
Assume that both V a and V b are time independent. Let q a and q b be critical points of V a and V b respectively. The constant paths q a and q b are p-geodesics for the corresponding mechanical systems. Let Our next result deals with bifurcation of nontrivial periodic p-geodesics from a branch of critical points on symmetric spaces.
Let (M, g λ , V λ ) be as above. Assume moreover that M is an analytic semi Riemannian symmetric space. Suppose also that each V λ is time independent and that the trivial branch of p-geodesics is given by an analytic path q : I → M such that each q λ is a critical point of V λ . Assume that the potential V λ is invariant under the symmetry s λ at q λ . By the above corollary, there are at least |ind J (H a ) − ind J (H b )|/n points λ * ∈ I such that close to the constant p-geodesic q λ * there are p-geodesics with both end points on the trivial branch but not belonging to the trivial branch. Such geodesics cannot be constant.
On the other hand, since s λ is an isometry and V λ s λ = V λ , the energy functional E λ is invariant under the map induced on Ω λ by s λ . Hence, if γ is any p-geodesic for (g λ , V λ ), so is s λ γ. By symmetry any non constant p-geodesic γ with end points at q λ and close to the trivial branch produces a non constant periodic geodesicγ of period 2 close to the branch q. For this, it is enough to definē
Observe that Corollary 6.4 it is not applicable to geodesics, since it holds true only if the potential is not trivial. 
A comparison principle for p-geodesics on semi-Riemannian manifolds
) are the curvature operator and the Hessian of V along γ respectively. Since both R γ and P γ are g-symmetric it follows that S γ is a symmetric endomorphism of γ * (T M). Let (M 1 , g 1 , V 1 ) and (M 2 , g 2 , V 2 ) be two mechanical systems on manifolds of the same dimension n and such that both g 1 and g 2 have the same index ν. Let p i ∈ M i ; i = 1, 2 be two given points. Choose an isometry ϕ :
, we denote by γ 2 the unique p-geodesic in M 2 for the system (g 2 , V 2 ), such that γ 2 (0) = p 2 and γ 2 (0) = v 2 . We assume that both γ 1 and γ 2 are defined on the interval [0, 1] and are nondegenerate critical points of the corresponding energy functionals.
We will compare the index of γ 1 with the index of γ 2 . First we extend the isometry ϕ to an isometry between γ * 1 (T M) and γ *
(T M). For any
When both manifolds are Riemannian, the Hessian forms are essentially positive and have a finite Morse index. In this case the theorem is an easy consequence of the fact that Morse index is nonincreasing. The proof in the general case is based on monotonicity properties of the spectral flow and it is given in Section 9. Analogous results can be found in [3] and [4] in a different framework.
Taking V ≡ 0 we obtain an extension of the Morse-Schöenberg comparison theorem to general semi Riemannian manifolds.
Corollary 7.2. Let (M i , g i ) and γ i be as above with
For lightlike and timelike geodesics on Lorentzian manifolds this was proved by Beem Ehrlich Easley (see for instance [5] ).
Comparing an analytic semi Riemannian manifold M 1 with a semi Riemannian locally symmetric space M 2 of the same dimension and index we conclude that. 
Since ϕ x is an isometry sending γ 1 (x) into γ 2 (x) we have
Identifying T p1 M 1 with T p2 M 2 via ϕ, the curvature operator of R 2 restricted to the normal subspace γ 2 (0)
is not a null geodesic, without loss of generality we can assume that (γ 1 ) = g 1 (γ 1 (0), γ 1 (0)) = ± 1. By Proposition 5.2 ind J R 2 = N (K (γ 1 ))(n − 1). From the above corollary we conclude that
Corollary 7.4. If (M,g) is a semi Riemannian manifold such that
If the manifold is Riemannian, inequality (7.5) implies that the sectional curvature has to be bounded from below. When the metric is indefinite, if the sectional curvature is bounded from below (or above) then it is automatically bounded. Nevertheless, the hypothesis in Corollary 7.4 does not imply that the sectional curvature of M is constant. Nontrivial examples of semi Riemannian manifolds verifying (7.5) are given in [2] . In this paper and also in [31] several comparison results of Sturm type are proved.
In a similar way we can obtain estimates for the number of strictly conjugate points along a nondegenerate horizontal geodesic in a semi Riemannian warped product with locally symmetric base.
Let B and F be two semi Riemannian manifolds and let ρ be a smooth positive function defined on B. The warped product M ρ = B × ρ F is the product manifold B × F endowed with a twisted product metric. Namely, for p = (b, f ) ∈ B × F we write the tangent space
F is orthogonal with respect to both g ρ and the product metric g 1 .
We will do the comparison between the manifold M ρ and the manifold M 1 , the semi Riemannian product of B and F . Given a point p = (b, f ) we choose an isometry ϕ :
Let γ be any horizontal geodesic through p. Then γ is a geodesic under both metrics and decomposing a vector w ∈ T γ(x) as w = (u, v) under the above orthogonal decomposition we have that the curvature operator on M 1 is given by
whereγ is the projection of γ onto the base B and R B is the curvature operator on B. It follows plainly from (7.6) that the family of hessians h λ of the energy functional on M 1 at γ λ , λ ∈ [0, 1] is a direct sum of the family of hessiansh λ of E on B atγ λ with a family of nondegenerate quadratic forms defined on T γ λ (F ). Hence, by normalization and the direct sum property of the spectral flow, µ(γ) =μ(γ), as a geodesic on M 1 .
On the other hand by [36] , Proposition 42, on M ρ we have
From Corollary 7.2 and the above discussion it follows that if ρ is a convex function then for any horizontal geodesic γ on M ρ we have µ(γ) ≤ µ(γ). Hence: 
M be the curvature operator and the parallel translation along the p-geodesic σ i respectively.
Theorem 7.6. Assume that, as symmetric operators,
Suppose moreover that the hessians of V i , i = a, b at each point of σ i are respectively positive and negative semi-
number of bifurcation points from the trivial branch along σ is not less than
Proof. We use the comparison principle between (M, g, V i ) and (M, g, 0) . Comparing the Hessian of E at the p-geodesics σ i with the Hessian of the energy at a geodesic having the same origin and initial velocity, we obtain
The conclusion follows from the main theorem.
Proof of the main theorem
Before going to the proof of Theorem 4.2 we will prove an abstract bifurcation theorem for critical points of families of smooth functionals. This theorem is an extension of the main theorem in [19] to the geometric framework which naturally arises in dealing with bifurcation of p-geodesics. Moreover, we will improve the result in [19] obtaining estimates from below for the number of bifurcation points. By the implicit function theorem each fiber X λ of the submersion is a submanifold of X of codimension one. For each x ∈ X λ the tangent space T x X λ coincides with ker T p x . Being p a submersion the family of Hilbert spaces T F (p) = {ker T p x : x ∈ X} is a Hilbert sub-bundle of the tangent bundle T X. T F (p) is the bundle of tangents along the fibers or the vertical bundle of the submersion p. A smooth functional f : X → R defines by restriction to the fibers of p a smooth family of functionals f λ : X λ → R.
We will assume that there exists a smooth section σ : I → X of p such that σ(λ) is a critical point of the restriction f λ of the functional f to the fiber X λ .
We will refer to σ as the trivial branch of critical points of the family {f λ : λ ∈ I}. We will say that λ * ∈ I is a point of bifurcation for critical points of the family {f λ : λ ∈ I} from the trivial branch σ(I) if there exists a sequence λ n → λ * and a sequence x n → σ(λ * ) such that p (x n ) = λ n and each x n is a critical point of f λn not belonging to σ (I) .
In what follows we will denote with h λ the Hessian of f λ at the point σ(λ). Our next assumption is that, for each λ ∈ I, the Hessian h λ is a Fredholm quadratic form. Moreover we will assume that the end points h a and h b are non degenerate.
The Let us mention that the singular set Σ(h) = {λ ∈ I : ker h λ = 0} is finite if all the data (X, p, f, σ) are analytic. Another situation in which Σ(h) is finite is the following one:
If h : H → R is a generalized family of quadratic forms, the intrinsic derivativeḣ λ : H λ → R of h at λ is the restriction to ker h λ of the ordinary derivative of the smooth path of quadratic forms h λ M λ where M is any local trivialization of the bundle H. It is easy to see that the resulting quadratic formḣ λ is independent from the choice of trivialization. A point λ ∈ Σ(h) is called regular whenḣ λ is a nondegenerate quadratic form on ker h λ . By straightforward extension to bundles of the arguments in [20] , one shows that each regular point λ ∈ Σ(h) is isolated in Σ(h). Therefore, if h has only regular singular points they are in finite number. In order to prove the first assertion we argue as follows. Our hypothesis implies that sf(L, I) = 0, and [19] , Theorem 1, ensures the existence of a critical point u = 0 of some f λ , λ ∈ I, in every neighborhood V of 0. Choosing a u n = 0 in V n = B(0, 1/n) we can assume by passing, if necessary, to subsequences that the corresponding sequence λ n converges to some λ * ∈ (a, b). Let x n = ψ λn (u n ). By construction of ψ each x n is a critical point of f λn not belonging to σ(I) and x n → σ(λ * ). Thus λ * is a bifurcation point.
In order to prove the second assertion let us assume that the set Σ(h) is finite. Let a < λ 1 < λ 2 < . . . < λ k < b be the points in Σ(h). We want to show that at least |sf(h)|/m of them are bifurcation points.
Taking 
Since the spectral flow is invariant under cogredience, we get
λ is an isomorphism and therefore sf(M 
where the last equality follows from the property that the spectral flow of a path of linear operators defined on a finite dimensional space equals the difference of the Morse indexes at the end points.
Since dim ker L λj ≤ m it follows that
where d is the number of nonzero addends in the above formula. Since, by the first part, any interval I j with a nontrivial contribution to the above sum must contain at least one bifurcation point there must be at least d = |sf(h)|/m distinct bifurcation points in I.
With this we can finally prove Theorem 4.2. Let us consider the end-point map e : [1] ). The pullback e * (π): e * (Ω) → I of the submersion π : Ω → M × M via the map e is defined in the usual way. By standard transversality arguments we have that the total space e * (Ω) = {(λ, γ) ∈ I × Ω : e(λ) = π(γ)} is an Hilbert manifold (which inherits the Riemannian metric from Ω) and the map e * (π): e * (Ω) → I given by the projection to the first factor is a submersion (see [32] , Chap. 3, Sect. 3).
The fiber of e * (π) over λ ∈ I is the submanifold Ω σ(λ) [0] ,σ(λ) [1] . By the commutativity of the following diagram where ι is the projection to the second factor, we have that σ : I → Ω induces a sectionσ : I → e * (Ω) of e * (π). By the same argument the vertical bundle T F (e * (π)) coincides with ι * (T F (π)) and moreover σ
The one-parameter family of functionalsĒ = E • ι : e * (Ω) → R has the same bifurcation points as the family {E λ : λ ∈ I} because ι λ sends in a one to one fashion critical points ofĒ λ into critical points of E λ . Moreover the isomorphism ι λ intertwines the Hessianh λ ofĒ λ atσ λ with the Hessian h λ of E λ at σ λ . Now Theorem 4.2 follows from Theorem 8.2 and the following proposition 
Each θ(λ, t) is a critical point of the energy functional E λ,t : Ω e(λ) → R associated to the data (M, g λ , t 2 V λ ). Let h λ,t be the Hessian of E λ,t at θ(λ, t). As before, h λ,t defines a generalized family of Fredholm quadratic forms h : θ * T F (π) → R. Leth be the restriction of this family to the boundary ∂T of T. Trivializing θ * T F (π) |∂T and using [19] , Poposition 3.6, we conclude that sf(h) = 0. On the other hand, the spectral flow is the sum of the spectral flows of each segment of the boundary of T . By definition of h λ,t we have that h λ,0 is nondegenerate for all λ. Indeed, θ(λ, 0) ≡ p is a constant path. A H 1 -vector field ξ along p is simply a path ξ ∈ H 1 (I; T p (M )) and hence
)dx which is clearly nondegenerate. From the above discussion we have that
Proof of Theorem 7.1
Let γ 1 , γ 2 as in (7.1). By (3.4) the Hessian of the energy functional at γ 1 computed on a vector field ξ along γ is given by
Denoting by Φ :
(γ 2 ) the bounded operator induced by ϕ we have that
Since parallel translation commutes with D dx and ϕ 0 is an isometry it follows that
pointwise and hence the first two integrals in (9.1), (9.2) coincide. Therefore the inequality 
Moreover by hypothesis h In our comparison theorem it is possible to avoid the non degeneracy condition by introducing the concept of extended generalized Morse index analogous to the extended Morse index (index plus nullity) in the classical case (compare with [9, 14, 21, 43] ).
Let h be a generalized family of Fredholm quadratic forms on a Hilbert bundle H over [a, b] . Let us consider the self-adjoint Fredholm operators L λ representing h λ with respect to the scalar product. Self-adjoint Fredholm operators are characterized by the fact that 0 is an isolated point in the spectrum of finite multiplicity. Thus, there exists a number δ 0 > 0 so that h λ + δ · for small enough δ. The normalization property for the spectral flow implies that the right hand side does not depend on the choice of δ. The extended spectral flow is clearly additive under concatenation and direct sum. It is homotopy invariant under homotopies keeping the end points fixed.
The extended (generalized) Morse index is defined for any p-geodesic bȳ µ(γ) = −sf(h) (9.6) where h is the family of hessians at the canonical pathγ. Arguing as above with the perturbed families we obtain: 
Appendix A. The vector bundle neighborhood Theorem
This section is devoted to a technical result, which is used in the proof of the main theorem. The proof of this result, follows the construction of tubular neighborhoods of submanifolds based on sprays. However here we need sprays whose exponential map is fiber preserving. The construction is that of Palais in [37] , see also [13] .
Let π : E → B be a split submersion and let p : T F (π) → E be the associated bundle of tangents along the fibers. A C ∞ -vector field ξ on T F (π) is called a bundle spray over E if it satisfies the following two conditions:
(1) T p(ξ(v)) = v ∀v ∈ T F (π); (2) ξ(sv) = Ts(sξ(v)) ∀s ∈ R ∀v ∈ T F (π) wheres : T F (π) → T F (π) is the multiplication map given by v → sv for any v ∈ T F (π).
Condition ( Proof. The existence of a bundle spray ξ over E follows from the implicit function theorem and partition of unity arguments. Indeed, let e ∈ E be a point. In this way we are able to construct a bundle spray locally on T F (U e ) extending to the product an ordinary spray on T (W b ) in the obvious way. Observing that a convex combination of two bundle sprays is again a bundle spray, we can take a smooth partition of unity on E and glue the local sprays in order to get a bundle spray on T F (π).
If ξ is a bundle spray for π, the associated exponential map, is defined as follows: for each v ∈ T F (E) let σ v be the maximal integral curve of ξ such that . We want to show that j restricted to a (possibly) smaller neighborhood V of the zero section is a diffeomorphism. For this, if j b : F b → E b is the restriction of j to the fiber, identifying F b with its tangent space in the canonical way and arguing as in [32] , Theorem 4.1, we show that T j b (0 b ) = id. Since j is fiber preserving this easily implies that T j(0 b ) is injective and hence invertible since, being B finite dimensional, T j(0 b ) is Fredholm of index 0. Thus j is a local diffeomorphism. Since this holds for every b ∈ B, by a standard compactness argument there must be a (possibly) smaller neighborhood V of the zero section such that the restriction of j to that neighborhood is a (fiber preserving) diffeomorphism with a neighborhood U of τ (B). This concludes the proof.
